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POISSON-NIJENHUIS GROUPOIDS
APURBA DAS
Abstract. We define multiplicative Poisson-Nijenhuis structures on a Lie groupoid which extends
the notion of symplectic-Nijenhuis groupoid introduced by Stie´non and Xu. We also introduce a
special class of Lie bialgebroid structure on a Lie algebroid A, called P-N Lie bialgebroid, which
defines a hierarchy of compatible Lie bialgebroid structures on A. We show that under some topo-
logical assumption on the groupoid, there is a one-to-one correspondence between multiplicative
Poisson-Nijenhuis structures on a Lie groupoid and P-N Lie bialgebroid structures on the corre-
sponding Lie algebroid.
Contents
1. Introduction 1
2. Preliminaries 3
3. (1,1)-tensors 7
4. Compatible Lie algebroids 9
5. Poisson-Nijenhuis groupoids 13
6. P-N Lie bialgebroids 15
7. Infinitesimal form of Poisson-Nijenhuis groupoids 17
8. Coisotropic-invariant subgroupoids 20
9. Poisson-Nijenhuis actions 21
References 22
1. Introduction
Poisson geometry originated in the last century in the hamiltonian formulation of classical me-
chanics and became formalized in the language of modern differential geometry by introducing
Poisson manifolds and Poisson brackets. A Poisson manifold is a manifold equipped with a bivector
field whose Schouten bracket with itself vanishes. Among the various examples of Poisson manifolds,
Poisson Lie groups [15] are of particular interest. The more general notion of Poisson groupoid was
introduced by Weinstein [23] as a unification of both Poisson Lie group and symplectic groupoid
[22]. In order to find out the infinitesimal ingredient of a Poisson groupoid, one observes that the
dual bundle A∗ of its Lie algebroid A also carries a Lie algebroid structure. Moreover, these two
Lie algebroid structures on duality satisfy the criteria of a Lie bialgebroid in the sense of Mackenzie
and Xu [16]. In [17], the same authors showed that under certain topological assumption, any Lie
bialgebroid also integrates to a Poisson groupoid.
The notion of Poisson-Nijenhuis structure has been studied by Magri and Morosi [18] in the theory
of completely integrable Hamiltonian systems. A Poisson-Nijenhuis manifold is a manifold equipped
with a Poisson bivector field and a Nijenhuis tensor which are compatible in a certain way that it
induces a hierarchy of compatible Poisson structures [10,21]. A symplectic-Nijenhuis manifold is a
Poisson-Nijenhuis manifold with non-degenerate Poisson structure. A Poisson-Nijenhuis manifold is
said to be integrable if its Poisson structure is integrable. In [19], Stie´non and Xu introduced a notion
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of symplectic-Nijenhuis groupoid as a global object corresponding to an integrable Poisson-Nijenhuis
manifold. A symplectic-Nijenhuis groupoid is a Lie groupoid equipped with a symplectic-Nijenhuis
structure such that the symplectic form and the Nijenhuis tensor are both multiplicative.
The aim of this paper is to study multiplicative Poisson-Nijenhuis structures on a Lie groupoid,
or a Poisson-Nijenhuis groupoid. This would generalize both Poisson groupoid and symplectic-
Nijenhuis groupoid of Stie´non and Xu [19]. A Poisson-Nijenhuis groupoid is a Lie groupoid with a
Poisson-Nijenhuis structure such that the Poisson bivector field and the Nijenhuis tensor are both
multiplicative. Any Poisson groupoid with a multiplicative complementary 2-form, pair groupoid
of Poisson-Nijenhuis manifolds, holomorphic Poisson groupoids [9] are also examples of Poisson-
Nijenhuis groupoids (cf. Example 5.2). We show that the base of a Poisson-Nijenhuis groupoid
carries a Poisson-Nijenhuis structure such that the source map is a Poisson-Nijenhuis map (cf.
Proposition 5.5).
We also introduce a notion of P-N Lie bialgebroid structure on a Lie algebroid A. More precisely,
a P-N Lie bialgebroid structure on a Lie algebroid A consists of a Lie bialgebroid (A,A∗) together
with an infinitesimal multiplicative Nijenhuis tensor NA : TA → TA such that (πA, NA) defines a
Poisson-Nijenhuis structure on A, where πA being the linear Poisson structure on A induced from
the Lie algebroid A∗ (cf. Definition 6.1). The Lie bialgebroid of a Poisson-Nijenhuis manifold,
holomorphic Lie bialgebroids are examples of P-N Lie bialgebroids (cf. Example 6.2). We show
that the base of a P-N Lie bialgebroid carries a natural Poisson-Nijenhuis structure (cf. Proposition
6.3). Moreover, given a P-N Lie bialgebroid structure on A, there is a hierarchy of Lie bialgebroid
structures on A that are compatible in a certain sense (cf. Proposition 6.5).
Next, we show that the infinitesimal form of Poisson-Nijenhuis groupoids are P-N Lie bialgebroids
(cf. Proposition 7.1). More generally, given a source-connected and source-simply connected Lie
groupoid G⇒M with Lie algebroid A, there is a one-to-one correspondence between multiplicative
Poisson-Nijenhuis structures on G and P-N Lie bialgebroid structures on A (cf. Theorem 7.4).
We also introduce an important class of subgroupoids of a Poisson-Nijenhuis groupoid, called
coisotropic-invariant subgroupoids and these subgroupoids corresponds to, so called coisotropic-
invariant subalgebroids of the corresponding P-N Lie bialgebroid. Finally, we introduce P-N action
of a Poisson-Nijenhuis groupoid on a Poisson-Nijenhuis manifold generalizing Poisson action of Liu,
Weinstein and Xu [14]. It turns out that the moment map of a P-N action is a Poisson-Nijenhuis
map.
On the way to our result, we study Nijenhuis tensors on a manifold (or on a Lie groupoid) and
compatible Lie algebroid structures on a vector bundle. We derive several useful results which are
used in the main contents of the paper.
Organization. The paper is organized as follows. In section 2, we recall basic definitions and some
known results. Section 3 concerns about Nijenhuis tensors on a manifold/Lie groupoid, while in
Section 4, we study compatible Lie algebroid structures on a vector bundle. Sections 5, 6 and 7 are
devoted to the study of Poisson-Nijenhuis groupoids, P-N Lie bialgebroids and their infinitesimal
correspondences. In section 8, we deal with coisotropic-invariant subgroupoids of a Poisson-Nijenhuis
groupoid and their infinitesimal. Finally, in section 9, we define P-N action.
Notation. Given a Lie groupoid G⇒M , by s, t : G→M , we denote the source map and the target
map. Two elements g, h ∈ G are composable if t(g) = s(h). By i : G → G, g 7→ g−1, we denote
the inversion and ǫ : M → G, x 7→ ǫ(x) the unit map. The orbit set of a Lie groupoid G ⇒ M is
the quotient M/ ∼ determined by the equivalence relation ‘∼’ on M : two points x, y ∈ M are ∼
equivalent, if there exists an element g ∈ G such that s(g) = x, t(g) = y.
For any Lie groupoid G⇒M , the tangent bundle TG carries a Lie groupoid structure over TM
whose structure maps are the tangent prolongation of the structure maps of G. This Lie groupoid is
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called the tangent Lie groupoid of G⇒M . Similarly, the cotangent bundle T ∗G has a Lie groupoid
structure but less obviously [17]. The base of this groupoid is A∗, where A is the Lie algebroid of
the grouopid. The unit map of this groupoid identifies A∗ with the conormal bundle (TM)0 →֒ T ∗G
of the submanifold M of G.
Given a Lie algebroid A → M , the bundle TA → TM carries a natural Lie algebroid structure,
called the tangent Lie algebroid of A. Moreover, the cotangent bundle T ∗A also carries a Lie
algebroid structure over A∗ (see [16] for more details).
2. Preliminaries
Let M be a smooth manifold and N : TM → TM be a vector valued 1-form, or a (1, 1)-tensor
on M . Then its Nijenhuis torsion τN is a vector valued 2-form defined by
τN (X,Y ) := [NX,NY ]−N([NX,Y ] + [X,NY ]−N [X,Y ]), for X,Y ∈ Γ(TM).
2.1. Definition. An (1, 1)-tensor N is called a Nijenhuis tensor if its Nijenhuis torsion vanishes.
Given a Nijenhuis tensor N , one can define a new Lie algebroid structure on TM deformed by
N . We denote this Lie algebroid by (TM)N . The bracket [ , ]N and anchor idN of this deformed
Lie algebroid are given by
[X,Y ]N = [NX,Y ] + [X,NY ]−N [X,Y ] and idN = N, for all X,Y ∈ Γ(TM).
Moreover, if N is a Nijenhuis tensor on M , then for any k ≥ 1, Nk is a Nijenhuis tensor on M .
Thus, we have a hierarchy of deformed Lie algebroid structures ([ , ]Nk , idNk = N
k) on TM [10].
2.2. Definition. Let M be a smooth manifold. An (1, 1)-tensor N : TM → TM is said to be
tangent to a submanifold S →֒M , or, S is called an invariant submanifold of M with respect to N if
N(TS) ⊆ TS. In that case, N restricts to an (1, 1)-tensor NS : TS → TS on the submanifold S.
If N is a Nijenhuis tensor on M tangent to S →֒M , then NS is a Nijenhuis tensor on S and the
deformed Lie algebroid (TS)NS → S is a Lie subalgebroid of (TM)N →M .
Let M be a smooth manifold and π ∈ Γ(∧2TM) a bivector field on M . Then one can define a
skew-symmetric bracket [ , ]π on the space Ω
1(M) of 1-forms on M , given by
[α, β]π := Lπ♯αβ − Lπ♯βα− d(π(α, β)), for all α, β ∈ Γ(T
∗M),
where π♯ : T ∗M → TM, α 7→ π(α,−) is the bundle map induced by π. If π is a Poisson bivector
(that is, [π, π] = 0), then the cotangent bundle T ∗M with the above bracket and the bundle map π♯
forms a Lie algebroid [16]. We call this Lie algebroid as the cotangent Lie algebroid of the Poisson
manifold (M,π) and is denoted by (T ∗M)π.
2.3. Definition. (Poisson-Nijenhuis manifolds) A Poisson-Nijenhuis manifold is a manifold M to-
gether with a Poisson bivector π ∈ Γ(∧2TM) and a Nijenhuis tensorN such that they are compatible
in the follwing senses:
(i) N ◦ π♯ = π♯ ◦N∗ (thus, N ◦ π♯ defines a bivector field Nπ on M),
(ii) C(π,N) ≡ 0,
where
C(π,N)(α, β) := [α, β]Nπ − ([N
∗α, β]π + [α,N
∗β]π −N
∗[α, β]π), for α, β ∈ Ω
1(M).
The skew-symmetric C∞(M)-bilinear operation C(π,N)(−,−) on the space of 1-forms is called the
Magri-Morosi concominant of the Poisson structure π and the Nijenhuis tensor N .
A Poisson-Nijenhuis manifold as above is denoted by the triple (M,π,N). If π is non-degenerate,
that is, defines a symplectic structure ω on M , then (M,ω,N) is said to be a symplectic-Nijenhuis
manifold.
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2.4. Example. (i) Any Poisson manifold (M,π) is a Poisson-Nijenhuis manifold (M,π,N = id).
(ii) (complemented Poisson manifolds)
Let (M,π) be a Poisson manifold with the cotangent Lie algebroid (T ∗M)π = (T
∗M, [ , ]π, π
♯).
We denote the extended Gerstenhaber bracket on Ω•(M) = Γ(∧•T ∗M) by the same symbol [ , ]π.
A 2-form ω ∈ Ω2(M) is called a complementary 2-form if
[ω, ω]π = 0.
A Poisson manifold together with a complementary 2-form is called a complemented Poisson manifold.
Given a complemented Poisson manifold (M,π, ω), if ω satisfies
ιπ♯αdω = 0, for all α ∈ Ω
1(M),
(in particaular, if dω = 0) then (π,N = π♯ ◦ ω♯) defines a Poisson-Nijenhuis structure on M [21].
Here ω♯ : TM → T ∗M, X 7→ ιXω denotes the bundle map induced by ω.
(iii) (holomorphic Poisson manifolds)
A holomorphic Poisson manifold is a complex manifoldM whose sheaf of holomorphic functions OM
is a sheaf of Poisson algebras [12]. Given a complex manifoldM , there is a one-to-one correspondence
between holomorphic Poisson structures on M and holomorphic bivector fields π ∈ Γ(∧2T 1,0M)
satisfying [π, π] = 0. One can write any holomorphic bivector field π as π = πR + iπI , where
πR, πI ∈ Γ(∧2TM) are smooth bivector fields on the underlying real manifold M (by forgetting
the complex structure J : TM → TM). A holomorphic bivector field π = πR + iπI defines a
holomorphic Poisson structure on M if and only if (πI , J) defines a Poisson-Nijenhuis structure on
M and π♯R = J ◦ π
♯
I [12].
Let (M,π,N) be a Poisson-Nijenhuis manifold. Then it is clear that for each k ≥ 0, the maps
Nk ◦ π♯ : T ∗M → TM
are skew-symmetric and therefore define a hierarchy of bivector fields πk := N
kπ by π♯k = N
k ◦ π♯.
Moreover, it turns out that these bivectors πk are Poisson bivectors and they are compatible [10].
That is,
[πk, πk] = 0 and [πk, πl] = 0, for all k, l ≥ 0.
2.5. Definition. Let (M,π,N) and (M˜, π˜, N˜) be two Poisson-Nijenhuis manifolds. A smooth map
f : M → M˜ is called a Poisson-Nijenhuis map (or P-N map in short) if f is a Poisson map, that is,
f∗π = π˜ and commute with the Nijenhuis tensors, that is, N˜ ◦ f∗ = f∗ ◦N .
If f is a P-N map, then f preserves the corresponding hierarchy of Poisson structures. That is, if
πk = N
kπ and π˜k = N˜
kπ˜ denote the corresponding hierarchy of Poisson bivectors, then f∗πk = π˜k,
for all k ≥ 0. An anti-P-N map is an anti-Poisson map that commute with the Nijenhuis tensors.
2.6. Definition. [16] A Lie bialgebroid over M is a pair (A,A∗) of Lie algebroids over M in du-
ality, where the differential dA∗ on Γ(∧•A) defined by the Lie algebroid structure on A∗ and the
Gerstenhaber bracket on Γ(∧•A) defined by the Lie algebroid structure on A satisfies
dA∗ [X,Y ] = [dA∗X,Y ] + [X, dA∗Y ], for all X,Y ∈ ΓA.
2.7. Remark. A Lie bialgebroid may also be defined as a pair (A, δ) of a Lie algebroid A together
with a degree one differential δ : Γ(∧•A) → Γ(∧•+1A) on the corresponding Gerstenhaber algebra
(Γ(∧•A),∧, [ , ]). Here δ is the differential dA∗ of the Lie algebroid A∗.
It is known that for any vector bundle A→M , there is a canonical isomorphism R : T ∗A∗ → T ∗A
defined as follows [16]. Note that, elements of T ∗A can be represented as (w,X, φ), where w ∈ T ∗xM ,
X ∈ Ax, φ ∈ A
∗
x for some x ∈M . In these terms, the map R is defined by R(w, φ,X) = (−w,X, φ).
Then we have the following equivalent characterization of Lie bialgebroid (Theorem 6.2 [16]).
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2.8. Theorem. Let A be a Lie algebroid over M such that the dual bundle A∗ also carries a Lie
algebroid structure. Then the pair (A,A∗) is a Lie bialgebroid over M if and only if
T ∗A∗
π
♯
A
◦R
//

TA

A∗
ρ∗
// TM
is a Lie algebroid morphism, where the domain T ∗A∗ → A∗ is the cotangent Lie algebroid of A∗
induced from the Lie algebroid structure on A, the target TA→ TM is the tangent Lie algebroid of
A and πA is the linear Poisson structure on A induced from the Lie algebroid structure on A
∗.
If (M,π,N) is a Poisson-Nijenhuis manifold, then ((TM)N , (T
∗M)π) forms a Lie bialgebroid
over M [11]. It follows from the duality of a Lie bialgebroid that ((T ∗M)π, (TM)N) is also a Lie
bialgebroid. Thus, in terms of the degree one differential, ((T ∗M)π, dN ) forms a Lie bialgebroid,
where dN is the differential of the deformed tangent Lie algebroid (TM)N . The characterization of
Lie bialgebroids arising from Poisson-Nijenhuis manifolds is given by the following [19].
2.9. Proposition. Let (M,π) be a Poisson manifold. A Lie bialgebroid ((T ∗M)π, δ) is induced by
a Poisson-Nijenhuis structure if and only if [δ, d] = 0, where d is the usual de Rham differential.
Poisson groupoids [23] were introduced by Weinstein as a unification of both Poisson Lie group
and symplectic groupoid.
2.10. Definition. A Poisson groupoid is a Lie groupoid G⇒M equipped with a Poisson structure
π on G such that the graph
Gr(m) = {(g, h, gh)| t(g) = s(h)}
of the groupoid multiplication map is a coisotropic submanifold of the product Poisson manifold
G × G × G. Here G denotes the manifold G with the opposite Poisson structure −π. A Poisson
groupoid as above is denoted by (G⇒M,π).
The above condition is equivalent to the fact that π♯ : T ∗G → TG is a Lie groupoid morphism
from the cotangent Lie groupoid T ∗G⇒ A∗ to the tangent Lie groupoid TG⇒ TM .
Given a Lie groupoid G⇒M with Lie algebroid A, it is known that there is a canonical isomor-
phism
jG : TA = T (Lie G)→ Lie(TG)
between corresponding double vector bundle structures on them. The map jG is the restriction of
the canonical involution map σ : T (TG)→ T (TG). Similarly, one defines an isomorphism
j
′
G : Lie(T
∗G)→ T ∗(Lie G) = T ∗A
between corresponding double vector bundle structures on them. The maps jG and j
′
G are related by
j
′
G = j
∗
G ◦ iG, where iG : Lie(T
∗G)→ (Lie(TG))∗ is the canonical double vector bundle isomorphism
induced from the canonical pairing T ∗G⊕G TG→ R (see [16,17] for more details).
Let (G⇒M,π) be a Poisson groupoid with Lie algebroid A. It turns out that the dual bundle A∗
also carries a Lie algebroid structure and the pair (A,A∗) forms a Lie bialgebroid [16]. Conversely,
if A is the Lie algebroid of a s-connected and s-simply connected Lie grouopid G ⇒ M , then any
Lie bialgebroid (A,A∗) integrates to a unique Poisson structure π on G making (G ⇒ M,π) into
a Poisson groupoid with given Lie bialgebroid [17]. If πA being the linear Poisson structure on A
induced from the Lie algebroid A∗, then we have
π♯A = j
−1
G ◦ Lie(π
♯) ◦ j
′−1
G : T
∗A→ TA.
The Lie algebroid differential dA∗ : Γ(∧•A) → Γ(∧•+1A) of A∗ is also denoted by δπ and is the
infinitesimal form of the multiplicative (Poisson) bivector field π. The universal lifting theorem of
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[7] says that for any multiplicative k, l vector fields Π and Π′ on a Lie groupoid G ⇒ M with Lie
algebroid A, the corresponding infinitesimal k, l derivations δΠ and δΠ′ on the Gerstenhaber algebra
(Γ(∧•A),∧, [ , ]) satisfies
[δΠ, δΠ′ ] = δ[Π,Π′],
where the bracket on the left hand side is the graded commutator bracket on the space of multi-
derivations on (Γ(∧•A),∧, [ , ]).
2.11. Definition. [3,12,13](multiplicative (1, 1)-tensors on Lie groupoids) Let G ⇒ M be a Lie
groupoid. A multiplicative (1, 1)-tensor N on the groupoid is a pair (N,NM ) of (1, 1)-tensors on G
and M , respectively, such that
TG
N
//

TG

TM
NM
// TM
is a Lie groupoid morphism from the tangent Lie groupoid to itself.
In this case, NM is the restriction of N to the unit space M . Thus, NM is completely determined
by N . Hence we may use N to denote a multiplicative (1, 1)-tensor.
2.12. Remark. (i) It follows from Definition 2.11 that an (1, 1)-tensor N : TG→ TG on the groupoid
is multiplicative if and only if
N(Xg • Yh) = N(Xg) •N(Yh),
for all Xg ∈ TgG, Yh ∈ ThG, g, h ∈ G such that t∗(Xg) = s∗(Yh), where • denotes the multiplication
of the tangent Lie groupoid TG⇒ TM . Thus, it also turns out that the dual N∗ : T ∗G→ T ∗G is
a Lie groupoid morphism from the cotangent Lie groupoid T ∗G⇒ A∗ to itself.
(ii) If G is a Lie group (that is, M is a point), then a (1, 1)-tensor N : TG→ TG is multiplicative
if N is a Lie group homomorphism from TG to itself, where TG is equipped with the tangent Lie
group structure. That is,
N(Xg · Yh) = N(Xg) ·N(Yh),
for all Xg ∈ TgG, Yh ∈ ThG, g, h ∈ G. Thus, it follows that the multiplicativity of N is being
equivalent to N ◦m∗ = m∗ ◦ (N ⊕ N), where m : G ×G → G is the Lie group multiplication map
(see also [3]).
2.13. Definition. [12,13](infinitesimal multiplicative (1, 1)-tensors) Let A be a Lie algebroid over
M . An infinitesimal multiplicative (1, 1)-tensor on A is a pair (NA, NM ) of (1, 1)-tensors on A and
M , respectively, such that
TA
NA
//

TA

TM
NM
// TM
is a Lie algebroid morphism from the tangent Lie algebroid TA→ TM to itself.
In this case, NM is the restriction of NA to the zero section. Thus, NM is completely determined
by NA. Hence we may use NA to denote an infinitesimal multiplicative (1, 1)-tensor.
Given a multiplicative (1, 1)-tensor N on a Lie groupoid G⇒M , define
TN = σ−1 ◦ TN ◦ σ,
where σ : T (TG) → T (TG) is the canonical involution map. Then TN defines an (1, 1)-tensor on
TG. Moreover, the submanifold T sMG(= A) →֒ TG is an invariant submanifold with respect to the
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tensor TN . Therefore, the restriction NA := (TN)A defines an (1, 1)-tensor on A (as a manifold).
It also turns out that NA is an infinitesimal multiplicative (1, 1)-tensor on A. The map
N → NA
satisfies the following [12,13].
2.14. Theorem. Let G ⇒ M be a s-connected and s-simply connected Lie groupoid with its Lie
algebroid A. Then there is a one-to-one correspondence between multiplicative (1, 1)-tensors on the
groupoid G⇒M and infinitesimal multiplicative (1, 1)-tensors on A. Moreover, this correspondence
extends between multiplicative Nijenhuis tensors on the groupoid and infinitesimal multiplicative
Nijenhuis tensors on the algebroid.
3. (1,1)-tensors
In this section, we prove some useful results about (1, 1)-tensors on a manifold or on a Lie groupoid.
3.1. Proposition. Let M1 and M2 be two smooth manifolds with (1, 1)-tensors N1 : TM1 → TM1
and N2 : TM2 → TM2, respectively. Let φ : M1 → M2 be a smooth map which commute with the
(1, 1)-tensors, that is, N2 ◦ φ∗ = φ∗ ◦ N1. If S1 →֒ M1 is an invariant submanifold with respect
to N1, φ(S1) is a submanifold of N2 and T (φ(S1)) = φ∗(TS1), then φ(S1) →֒ M2 is an invariant
submanifold with respect to N2.
Proof. We have
N2(T (φ(S1))) = N2(φ∗(TS1)) = φ∗(N1(TS1))
⊆ φ∗(TS1) = T (φ(S1)),
which shows that φ(S1) →֒M2 is an invariant submanifold. 
3.2. Proposition. Let (M1, N1) and (M2, N2) be two smooth manifolds with (1, 1)-tensors and S2 →֒
M2 is an invariant submanifold with respect to N2. If φ : M1 →M2 is a smooth map commute with
the (1, 1)-tensors and transverse to S2, then φ
−1(S2) →֒M1 is an invariant submanifold with respect
to N1.
Proof. Since φ is transverse to S2, the inverse φ
−1(S2) is a submanifold of M1. Moreover, we have
T (φ−1(S2)) = (φ∗)
−1(TS2). Therefore,
N1(T (φ
−1(S2))) = N1((φ∗)
−1(TS2)) ⊆ (φ∗)
−1N2(TS2)
⊆ (φ∗)
−1(TS2) = T (φ
−1(S2)).
This shows that φ−1(S2) →֒M1 is an invariant submanifold with respect to N1. 
3.3. Proposition. Let M1 and M2 be two smooth manifolds and φ : M1 → M2 be a surjective
submersion. Let N1 : TM1 → TM1 be an (1, 1)-tensor on M1. Then there exists a unique (1, 1)-
tensor N2 : TM2 → TM2 such that φ commute with the (1, 1)-tensors, that is, N2 ◦ φ∗ = φ∗ ◦N1 if
and only if the kernel pair R(φ) of φ defined by
R(φ) = {(x, y)| φ(x) = φ(y)} ⊂M1 ×M1
is an invariant submanifold with respect to N1 ⊕N1.
Proof. Suppose (x1, . . . , xn) and (y1, . . . , yn) denote the coordinates on the two copies of M1 and
(z1, . . . , zm) onM2 (n = dimM1 ≥ dimM2 = m) such that φ has the canonical equations φ(x
i) = zi
and φ(yi) = zi, for i = 1, . . . ,m. This shows that R(φ) is an embedded submanifold of M1 ×M1
with local coordinates (x1, . . . , xm, xm+1, . . . , xn, ym+1, . . . , yn). Moreover, for any (x, y) ∈ R(φ), we
have
T(x,y)R(φ) = {(Xx, Yy) ∈ TxM1 × TyM1| φ∗(Xx) = φ∗(Yy)}.
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Therefore, R(φ) is an invariant submanifold of M1 ×M1 with respect to the (1, 1)-tensor N1 ⊕N1
if and only if
(N1 ⊕N1)(Xx, Yy) = (N1(Xx), N1(Yy))
is in T(x,y)(R(φ)), for all (Xx, Yy) ∈ T(x,y)(R(φ)). This is equivalent to φ∗(N1(Xx)) = φ∗(N1(Yy)),
for all (Xx, Yy) ∈ T(x,y)(R(φ)). Then for any p ∈ M2 and Vp ∈ TpM2, the map N2 : TM2 → TM2
is defined by N2(Vp) = φ∗N1(Xx), for any x ∈ φ
−1(p) and Xx ∈ (φ∗)
−1(Vp). The map N2 is well
defined and satisfies the required property. 
3.4. Proposition. Let (M1, N1) and (M2, N2) be two smooth manifolds with (1, 1)-tensors and φ :
M1 →M2 be a smooth map. Then φ commute with the (1, 1)-tensors, that is, N2 ◦ φ∗ = φ∗ ◦N1 if
and only if
Gr(φ) = {(x, φ(x))| x ∈M1}
is an invariant submanifold of M1 ×M2 with respect to N1 ⊕N2.
Proof. Note that Gr(φ) is a closed embedded submanifold of M1 ×M2. A tangent vector to the
graph at the point (x, φ(x)) consists of a pair (Xx, φ∗(Xx)), where x ∈ M1 , Xx ∈ TxM1. Thus,
Gr(φ) is an invariant submanifold of M1 ×M2 with respect to the tensor N1 ⊕N2) if and only if
(N1 ⊕N2)(Xx, φ∗(Xx)) = (N1(Xx), N2(φ∗(Xx)))
is in T(x,φ(x))Gr(φ), for all Xx ∈ TxM1, x ∈ M1. This is equivalent to N2 ◦ φ∗(Xx) = φ∗ ◦N1(Xx),
for all Xx ∈ TxM1, x ∈M1. Hence the result follows. 
Let G is a Lie group with a multiplicative (1, 1)-tensor N : TG → TG. This is equivalent to
N ◦m∗ = m∗ ◦ (N ⊕N), where m : G×G→ G is the group multiplication (cf. Remark 2.12). Thus,
by Proposition 3.4, it follows that the multiplicativity of N is being equivalent to the graph
Gr(m) = {(g, h, gh)| g, h ∈ G}
of the group multiplication map is an invariant submanifold of G×G×G with respect to N⊕N⊕N .
More generally, we can prove the following result.
3.5. Proposition. Let G⇒M be a Lie groupoid and N : TG→ TG be an (1, 1)-tensor on G. Then
N is multiplicative if and only if the graph
Gr(m) = {(g, h, gh)| t(g) = s(h)}
of the groupoid multiplication map is an invariant submanifold of G × G × G with respect to the
tensor N ⊕N ⊕N.
Proof. Let (g, h, gh) ∈ Gr(m) ⊂ G×G×G. Then a vector tangent to Gr(m) at the point (g, h, gh) is
of the form (Xg, Yh, Xg •Yh), where Xg ∈ TgG, Yh ∈ ThG are such that t∗(Xg) = s∗(Yh). Therefore,
Gr(m) is an invariant submanifold of G×G×G with respect to the tensor N ⊕N ⊕N if and only if
(N ⊕N ⊕N)(Xg, Yh, Xg • Yh) = (N(Xg), N(Yh), N(Xg • Yh))
is in T(g,h,gh)Gr(m). This is equivalent to the condition that N(Xg • Yh) = N(Xg) •N(Yh), that is,
N is a Lie groupoid morphism from the tangent Lie groupoid to itself. 
3.6. Definition. A Nijenhuis groupoid is a Lie groupoid G ⇒ M together with a multiplicative
Nijenhuis tensor N (cf. Definition 2.11). A Nijenhuis groupoid may also be denoted by (G⇒M,N).
3.7. Example. (i) Any Lie groupoid with the identity Nijenhuis tensor is a Nijenhuis groupoid.
(ii) LetM be a smooth manifold with a Nijenhuis tensor N : TM → TM . Then the pair groupoid
M ×M ⇒M is a Nijenhuis groupoid with Nijenhuis tensor N ⊕N .
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Let (G⇒M,N) be a Nijenhuis groupoid. Since N : TG→ TG is a Lie groupoid morphism from
the tangent Lie groupoid to itself, we have
s∗ ◦N = NM ◦ s∗ and t∗ ◦N = NM ◦ t∗.
Therefore, it follows that the graph Gr((s, t)) = {(g, s(g), t(g))| g ∈ G} ⊂ G × M × M of the
map (s, t) : G → M ×M, g 7→ (s(g), t(g)) is an invariant submanifold with respect to the tensor
N ⊕NM ⊕NM . Hence by Proposition 3.4, the map (s, t) : G→M ×M commute with the Nijenhuis
tensors, that is,
(s, t)∗ ◦N = (NM ⊕NM ) ◦ (s, t)∗.
3.8. Definition. Let (G⇒M,N) be a Nijenhuis groupoid. A Lie subgroupoid H ⇒ S is called an
invariant subgroupoid of (G⇒M,N) if H →֒ G is an invariant submanifold with respect to N .
3.9. Definition. Let A→M be a Lie algebroid and NA : TA→ TA be an infinitesimal multiplica-
tive Nijenhuis tensor on A. A Lie subalgebroid B → S of A→M is called an invariant subalgebroid
if B →֒ A is an invariant submanifold with respect to NA.
3.10. Proposition. Let A → M be a Lie algebroid and NA : TA → TA be an infinitesimal mul-
tiplicative Nijenhuis tensor on A with base map NM : TM → TM . If B → S is an invariant
subalgebroid as above, then S →֒M is an invariant submanifold with respect to NM .
Proof. Note that, NM = NA|0 is the restriction of NA to the zero section and TS = (TB)|0 is the
zero section of the bundle TB → TS. Therefore, we have
NM (TS) = NA|0((TB)|0) = (NA(TB))|0 ⊆ (TB)|0 = TS.
Hence the result follows. 
3.11. Proposition. Let (G⇒M,N) be a Nijenhuis groupoid with Lie algebroid A→M . If H ⇒ S
is an invariant subgroupoid of (G⇒M,N) with Lie algebroid B → S, then B → S is an invariant
subalgebroid of A→M .
Proof. Since H ⇒ S is a Lie subgroupoid of G⇒M , it follows that B → S is a Lie subalgebroid of
A→M . Moreover, we have
B = A|S ∩ TH |S.
Since TN = σ−1 ◦ TN ◦ σ is tangent to the submanifold A, the restriction NA = (TN)A is tangent
to A|S . Moreover, since H →֒ G is an invariant submanifold with respect to N , TH →֒ TG is
an invariant submanifold with respect to TN . Therefore, it follows that B →֒ A is an invariant
submanifold with respect to NA. 
Thus, by combinding Propositions 3.11 and 3.10, we get the following.
3.12. Corollary. Let (G ⇒ M,N) be a Nijenhuis groupoid and H ⇒ S an invariant subgroupoid.
Then S →֒M is an invariant submanifold of M with respect to NM .
4. Compatible Lie algebroids
In this section, we study compatible Lie algebroid structures on a vector bundle.
4.1. Definition. Given a vector bundle A over M , two Lie algebroid structures ([ , ]1, ρ1) and
([ , ]2, ρ2) on A are said to be compatible if
[ , ] = [ , ]1 + [ , ]2 , ρ = ρ1 + ρ2
also defines a Lie algebroid structure on A.
In this case, for each λ ∈ R, the bracket [ , ]λ = [ , ]1 + λ[ , ]2 and the anchor ρ
λ = ρ1 + λρ2
defines a Lie algebroid structure on A.
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It is easy to check that the compatibility condition is equivalent to the followings
(1) J(X,Y, Z) :=
(
[[X,Y ]1, Z]2 + [[X,Y ]2, Z]1
)
+ c.p. = 0,
(2) Θ(X,Y ) := [ρ1(X), ρ2(Y )] + [ρ2(X), ρ1(Y )]− ρ1[X,Y ]2 − ρ2[X,Y ]1 = 0,
for all X,Y, Z ∈ ΓA, where c.p. means the cyclic permutation of (X,Y, Z).
It is known that Lie algebroid structures on a vector bundle A over M are in a one-to-one
correspondence with homological vector fields of degree one on the supermanifold (M,∧•A∗) [20].
Let ([ , ], ρ) be a Lie algebroid structure on A and (x) be a chart of M over which the bundle A is
trivial. Given a local basis (εi) of sections of A with dual basis (ξ
i) of A∗, suppose
[εi, εj ] =
∑
ckijεk and ρ(εi) =
∑
aαi ∂xα ,
where ckij ’s and a
α
i ’s are structure functions for the Lie algebroid (A, [ , ], ρ) with respect to the local
basis (εi). Then the homological vector field V on (M,∧•A∗) corresponding to the Lie algebroid
structure is given by
V =
∑
ckijξ
iξj∂ξk +
∑
aαi ξ
i∂xα .
We have the following equivalent characterizations of compatible Lie algebroid structures.
4.2. Theorem. Let A be a vector bundle over M and ([ , ]1, ρ1), ([ , ]2, ρ2) be two Lie algebroid
structures on A. If d1, d2 are the corresponding Lie algebroid differentials on Γ(∧•A∗) and π1, π2
are the corresponding dual linear Poisson structures on A∗, then the followings are equivalent
(i) ([ , ]1, ρ1) and ([ , ]2, ρ2) are compatible;
(ii) differentials d1, d2 : Γ(∧•A∗) → Γ(∧•+1A∗) are compatible in the sense that their graded
commutator [d1, d2] = 0, that is,
d1d2 + d2d1 = 0;
(iii) π1 and π2 are compatible Poisson structures on A
∗, that is, [π1, π2] = 0;
(iv) corresponding homological vector fields V1 and V2 on the supermanifold (M,∧•A∗) are com-
patible, that is, [V1, V2] = 0.
Proof. (i) =⇒ (ii): For any f ∈ C∞(M) and X,Y ∈ ΓA, we have
(d1d2 + d2d1)(f)(X,Y )
= ρ1(X)〈d2f, Y 〉 − ρ1(Y )〈d2f,X〉 − 〈d2f, [X,Y ]1〉+ ρ2(X)〈d1f, Y 〉 − ρ2(Y )〈d1f,X〉 − 〈d1f, [X,Y ]2〉
= ρ1(X)ρ2(Y )f − ρ1(Y )ρ2(X)f − ρ2([X,Y ]1)f + ρ2(X)ρ1(Y )f − ρ2(Y )ρ1(X)f − ρ1([X,Y ]2)f
= Θ(X,Y )(f) = 0 (by using Eqn. (2)).
For any α ∈ ΓA∗ and X,Y, Z ∈ ΓA, we also have
(d1d2 + d2d1)(α)(X,Y, Z)
= ρ1(X) · 〈d2(α)(Y, Z)〉 − ρ1(Y ) · 〈d2(α)(X,Z)〉 + ρ1(Z) · 〈d2(α)(X,Y )〉
− d2(α)([X,Y ]1, Z) + d2(α)([X,Z]1, Y )− d2(α)([Y, Z]1, X)
+ ρ2(X) · 〈d1(α)(Y, Z)〉 − ρ2(Y ) · 〈d1(α)(X,Z)〉+ ρ2(Z) · 〈d1(α)(X,Y )〉
− d1(α)([X,Y ]2, Z) + d1(α)([X,Z]2, Y )− d1(α)([Y, Z]2, X)
= Θ(X,Y )〈α,Z〉+Θ(Y, Z)〈α,X〉+Θ(Z,X)〈α, Y 〉+ α(J(X,Y, Z))
= 0 (by using Equations (1) and (2)).
Thus, it follows that, d1d2 + d2d1 = 0 on C
∞(M) and ΓA∗. Moreover, since
(d1d2 + d2d1)(α ∧ β) = (d1d2 + d2d1)α ∧ β + α ∧ (d1d2 + d2d1)β,
for any α, β ∈ Γ(∧•A∗), we have d1d2 + d2d1 ≡ 0 on Γ(∧•A∗).
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(ii) =⇒ (i): This follows from the previous calculation.
(i)⇐⇒ (iii): Let q∗ denote the projection map of the bundle A
∗ overM . Then for any f ∈ C∞(M)
and X,Y, Z ∈ ΓA, we have
[π1, π2](lX , lY , lZ)
= π1(π2(lX , lY ), lZ)− π1(π2(lX , lZ), lY ) + π1(π2(lY , lZ), lX)
+ π2(π1(lX , lY ), lZ)− π2(π1(lX , lZ), lY ) + π2(π1(lY , lZ), lX)
= l[[X,Y ]2,Z]1 − l[[X,Z]2,Y ]1 + l[[Y,Z]2,X]1 + l[[X,Y ]1,Z]2 − l[[X,Z]1,Y ]2 + l[[Y,Z]1,X]2
= lJ(X,Y,Z),
and
[π1, π2](lX , lY , f ◦ q∗)
= π1(π2(lX , lY ), f ◦ q∗)− π1(π2(lX , f ◦ q∗), lY ) + π1(π2(lY , f ◦ q∗), lX)
+ π2(π1(lX , lY ), f ◦ q∗)− π2(π1(lX , f ◦ q∗), lY ) + π2(π1(lY , f ◦ q∗), lX)
= (ρ1([X,Y ]2)f) ◦ q∗ + (ρ1(Y )ρ2(X)f) ◦ q∗ − (ρ1(X)ρ2(Y )f) ◦ q∗
+ (ρ2([X,Y ]1)f) ◦ q∗ + (ρ2(Y )ρ1(X)f) ◦ q∗ − (ρ2(X)ρ1(Y )f) ◦ q∗
= −Θ(X,Y )(f) ◦ q∗.
Since the space of smooth functions on A∗ are generated by linear and pull back functions, it follows
from the above observation that (i) is equivalent to (iii).
(i) =⇒ (iv): The homological vector field corresponding to the Lie algebroid structure ([ , ] =
[ , ]1 + [ , ]2, ρ = ρ1 + ρ2) is given by∑
(ckij + d
k
ij)ξ
iξj∂ξk +
∑
(aαi + b
α
i )ξ
i∂xα = V1 + V2,
where {ckij , a
α
i } and {d
k
ij , b
α
i } are structure functions for Lie algebroid structures ([ , ], ρ1) and
([ , ]2, ρ2), respectively. Therefore,
0 = [V1 + V2, V1 + V2] = [V1, V1] + [V1, V2] + [V2, V1] + [V2, V2] = 2[V1, V2].
The converse part (iv) =⇒ (i) is similar. 
4.3. Remark. If ([ , ]1, ρ1) and ([ , ]2, ρ2) are compatible Lie algebroid structures on A, then the
differential of the Lie algebroid (A, [ , ] = [ , ]1+ [ , ]2, ρ = ρ1+ ρ2) is given by d = d1+ d2, and the
dual linear Poisson structure on A∗ is given by π = π1 + π2.
4.4. Example. (i) Compatible Lie algebra structures on a vector space are examples of compatible
Lie algebroids over a point [1].
(ii) (Nijenhuis tensors)
Let M be a smooth manifold and N : TM → TM be a Nijenhuis tensor on M . Then for each
k ≥ 0, the hierarchy of Lie algebroid structures ([ , ]Nk , idNk = N
k) on the tangent bundle TM are
pairwise compatible [10]. Thus, in particaular, the tangent bundle TM with its usual Lie algebroid
structure ([ , ], id) and deformed Lie algebroid structure ([ , ]N , idN ) are compatible.
(iii) (compatible Poisson structures)
Two Poisson structures π and π′ on a manifold M are compatible if and only if the cotangent Lie
algebroid structures (T ∗M)π and (T
∗M)π′ are compatible. If dπ and dπ′ are the corresponding Lie
algebroid differentials, then
dπ = [π, ] and dπ′ = [π
′, ].
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Thus, the result follows from the following observation that
[dπ, dπ′ ] = dπ ◦ dπ′ + dπ′ ◦ dπ = [π, [π
′, ]] + [π′, [π, ]] = [[π, π′], ],
where the last equality follows from the graded Jacobi identity of the Schouten bracket of multivector
fields.
As for example, if (π,N) is a Poisson-Nijenhuis structure on M with hierarchy of compatible
Poisson structures πk = N
kπ, for k ≥ 0, then (T ∗M)πk and (T
∗M)πl are compatible Lie algebroid
structures on T ∗M .
(iv) (compatible Jacobi structures)
A Jacobi structure on a manifold M consists of a pair (π,E) of a bivector field π and a vector
field E on M satisfying
(3) [π, π] = 2E ∧ π, [E, π] = 0.
Note that (3) is equivalent to the following condition
(4) [(π,E), (π,E)](0,1) = 0,
where (π,E) ∈ Γ(∧2TM)× Γ(TM) = Γ(∧2(TM × R)) is considered as a 2-multisection of the Lie
algebroid TM × R → M and [ , ](0,1) is the Gerstenhaber bracket on the multisections of the Lie
algebroid TM × R → M deformed by the 1-cocycle (0, 1) ∈ Γ(T ∗M) × C∞(M) = Γ(T ∗M × R)
[8]. Given a Jacobi structure (π,E) on M , the 1-jet bundle T ∗M × R →M carries a Lie algebroid
structure whose bracket and anchor are given by
[(α, f), (β, g)](π,E) := L
(0,1)
(π,E)♯(α,f)
(β, g)− L
(0,1)
(π,E)♯(β,g)
(α, f)− d(0,1)
(
(π,E)((α, f), (β, g))
)
,
ρ(π,E)(α, f) := π
♯(α) + fE,
for all (α, f), (β, g) ∈ Γ(T ∗M) × C∞(M) = Γ(T ∗M × R) [8]. Here d(0,1) and L(0,1) denotes the
(0, 1)-twisted differential and Lie derivative of the Lie algebroid TM × R. The differential d(π,E) of
the Lie algebroid (T ∗M × R, [ , ](π,E), ρ(π,E)) is given by
d(π,E)(P,Q) = [(π,E), (P,Q)]
(0,1),
for (P,Q) ∈ Γ(∧•TM)× Γ(∧•−1TM) = Γ(∧•(TM × R)).
Two Jacobi structures (π1, E1) and (π2, E2) are said to be compatible if (π1 + π2, E1 + E2) is a
Jacobi structure on M [5]. Thus, by using (4), compatibility is being equivalent to the condition
[(π1, E1), (π2, E2)]
(0,1) = 0.
Two Jacobi structures onM are compatible if and only if their corresponding Lie algebroid structures
on the 1-jet bundle T ∗M × R→M are compatible. This follows from the observation that
d(π1,E1) ◦ d(π2,E2) + d(π2,E2) ◦ d(π1,E1)
= [(π1, E1), [(π2, E2), ]
(0,1)](0,1) + [(π2, E2), [(π1, E1), ]
(0,1)](0,1)
= [[(π1, E1), (π2, E2)]
(0,1), ](0,1) = 0.
4.5. Definition. Let A be a Lie algebroid over M . Then two Lie bialgebroid structures on A are
said to be compatible if the corresponding Lie algebroid structures on A∗ are compatible.
4.6. Remark. (i) In terms of degree one differential, two Lie bialgebroid structures (A, δ) and (A, δ′)
on a Lie algebroid A are compatible if and only if [δ, δ′] = 0. This follows from Remark 2.7 and
Theorem 4.2.
(ii) If (A, δ) and (A, δ′) are two compatible Lie bialgebroid structures on a Lie algebroid A, then
the differential δ + δ′ also defines a Lie bialgebroid structure on A.
POISSON-NIJENHUIS GROUPOIDS 13
4.7. Example. If π and π′ are two compatible Poisson structures on M , then (TM, (T ∗M)π) and
(TM, (T ∗M)π′) are two compatible Lie bialgebroid structures on TM .
As for example, if (π,N) is a Poisson-Nijenhuis structure on M with hierarchy of compatible
Poisson structures πk = N
kπ, for k ≥ 0, then (TM, (T ∗M)πk) and (TM, (T
∗M)πl) are compatible
Lie bialgebroid structures on TM .
5. Poisson-Nijenhuis groupoids
In this section, we define multiplicative Poisson-Nijenhuis structures on a Lie groupoid which
extends the notion of symplectic-Nijenhuis groupoids introduced by Stie´non and Xu [19].
5.1. Definition. A Poisson-Nijenhuis groupoid is a Lie groupoid G ⇒ M together with a Poisson-
Nijenhuis structure (π,N) on G such that (G ⇒ M,π) forms a Poisson groupoid and (G ⇒ M,N)
a Nijenhuis groupoid.
Thus, a Poisson-Nijenhuis groupoid is a Poisson groupoid (G ⇒ M,π) together with a multi-
plicative Nijenhuis tensor N : TG → TG such that (G, π,N) is a Poisson-Nijenhuis manifold. A
Poisson-Nijenhuis groupoid as above is denoted by the triple (G⇒M,π,N).
5.2. Example. (i) Any Poisson groupoid is a Poisson-Nijenhuis groupoid with N = id.
(ii) (symplectic-Nijenhuis groupoids)
A symplectic-Nijenhuis groupoid is a symplectic groupoid (G⇒M,ω) equipped with a multiplica-
tive Nijenhuis tensor N : TG → TG such that (G,ω,N) is a symplectic-Nijenhuis manifold [19].
Thus, a symplectic-Nijenhuis groupoid is a Poisson-Nijenhuis groupoid whose Poisson structure is
non-degenerate.
(iii) (pair groupoid of Poisson-Nijenhuis manifolds)
Let (M,π,N) be a Poisson-Nijenhuis manifold. Consider the pair groupoid M ×M ⇒ M with
the Poisson-Nijenhuis structure (π ⊖ π,N ⊕ N) on M ×M . Using the structure of pair groupoid,
it is straightforward to check that both the Poisson and the Nijenhuis tensors are multiplicative.
Thus, the pair groupoid (M ×M ⇒M,π ⊖ π,N ⊕N) is a Poisson-Nijenhuis groupoid.
(iv) (complemented Poisson groupoids)
Let (G ⇒ M,π) be a Poisson groupoid and ω ∈ Ω2(G) be a multiplicative 2-form on G (by a
multiplicative 2-form on a Lie groupoid G⇒M , we mean a 2-form ω ∈ Ω2(G) such that the induced
map ω♯ : TG→ T ∗G is a Lie groupoid morphism from the tangent Lie groupoid TG⇒ TM to the
cotangent Lie groupoid T ∗G⇒ A∗). If ω satisfies
ιπ♯αdω = 0, for all α ∈ Ω
1(G)
(in particaular, if dω = 0), then the triple (G ⇒ M,π,N = π♯ ◦ ω♯) forms a Poisson-Nijenhuis
groupoid (see Example 2.4 (ii)).
(v) (holomorphic Poisson groupoids)
A holomorphic Lie groupoid is a (smooth) Lie groupoid G⇒M , where both G andM are complex
manifolds and all the structure maps of the groupoid are holomorphic. If G⇒M is a holomorphic
Lie groupoid with associated almost complex structures J : TG→ TG and JM : TM → TM , then
(J, JM ) is a multiplicative Nijenhuis tensor on the underlying real smooth Lie groupoid G⇒M.
A holomorphic Poisson groupoid is a holomorphic Lie groupoid G⇒M equipped with a holomor-
phic Poisson structure π = πR+iπI ∈ Γ(∧2T 1,0G) such that the graph of the groupoid multiplication
Gr(m) ⊂ G×G×G is a coisotropic submanifold, whereG is the manifold G with the opposite Poisson
structure. In this case, it turns out that (G⇒M,πR) and (G⇒M,πI) are both Poisson groupoids
[9]. Therefore, it follows from Example 2.4 (iii) that (G ⇒ M,πI , J) forms a Poisson-Nijenhuis
groupoid.
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5.3. Remark. If (G ⇒ M,π,N) is a Poisson-Nijenhuis groupoid, then for each k ≥ 0, the Poisson
bivectors πk = N
kπ are multiplicative. Therefore, (G ⇒ M,πk = N
kπ) forms a Poisson groupoid,
for each k ≥ 0. These Poisson groupoid structures on G⇒M are compatible in the sense that the
Poisson structures {πk = N
kπ}k≥0 on G are compatible.
5.4. Remark. Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid with Lie algebroid A. Since
{πk = N
kπ}k≥0 are compatible multiplicative Poisson structures on G, it follows from the universal
lifting theorem [7] that
[δπk , δπl ] = δ[πk,πl] = 0, for k, l ≥ 0.
Therefore, these compatible Poisson structures on G ⇒ M induces compatible Lie bialgebroid
structures on A.
5.5. Proposition. Let (G⇒M,π,N) be a Poisson-Nijenhuis groupoid. Then
(i) the groupoid inversion map i : G→ G, g 7→ g−1 is an anti-P-N map;
(ii) the base manifold M carries a unique Poisson-Nijenhuis structure such that s is a P-N map
and t is an anti-P-N map.
Proof. (i) Since (G ⇒ M,π) is a Poisson groupoid, the groupoid inversion i : G → G is an anti-
Poisson map (Theorem (4.2.3), [23]). Moreover, since N : TG→ TG is a groupoid morphism from
the tangent Lie groupoid to itself, we have
N(Xg) •N(X
−1
g ) = N(Xg •X
−1
g ) = N(ǫ∗(s∗(Xg))) = ǫ∗(NM (s∗(Xg))) = ǫ∗(s∗(N(Xg))) and
N(X−1g ) •N(Xg) = N(X
−1
g •Xg) = N(ǫ∗(t∗(Xg))) = ǫ∗(NM (t∗(Xg))) = ǫ∗(t∗(N(Xg))),
for all Xg ∈ TgG, g ∈ G. Here ǫ : M → G denotes the unit map of the Lie groupoid G⇒M . Thus,
it follows that N(X−1g ) = (N(Xg))
−1, which is equivalent to N ◦ i∗ = i∗ ◦N. Therefore, the inversion
map i is an anti-P-N map.
(ii) Since (G ⇒ M,π) is a Poisson groupoid, the base M carries a Poisson structure πM such
that s is a Poisson map and t is an anti-Poisson map (Theorem (4.2.3), [23]). Moreover, since
N : TG → TG is a multiplicative Nijenhuis tensor, NM : TM → TM is a Nijenhuis tensor on M .
Thus, it remains show that, πM and NM are compatible in the sense of Poisson-Nijenhuis structure.
Note that πM = s∗π implies that π
♯
M = s∗◦π
♯◦s∗. Moreover, since N is a multiplicative Nijenhuis
tensor, we have s∗ ◦N = NM ◦ s∗. Therefore,
NM ◦ π
♯
M = NM ◦ s∗ ◦ π
♯ ◦ s∗ = s∗ ◦N ◦ π
♯ ◦ s∗
= s∗ ◦ π
♯ ◦N∗ ◦ s∗ (since π and N are compatible)
= s∗ ◦ π
♯ ◦ (s∗ ◦N)
∗
= s∗ ◦ π
♯ ◦ s∗ ◦N∗M = π
♯
M ◦N
∗
M .
Hence, NM ◦π
♯
M defines a bivector field NMπM on M and we have (NMπM )
♯ = s∗ ◦ (Nπ)
♯ ◦s∗. This
shows that s∗(Nπ) = NMπM . Thus, it follows from an easy observation that for any α, β ∈ Ω
1(M),
[s∗α, s∗β]π = s
∗([α, β]πM ) and [s
∗α, s∗β]Nπ = s
∗([α, β]NMπM ).
Therefore,
0 = C(π,N)(s∗α, s∗β)
= [s∗α, s∗β]Nπ −
(
[N∗s∗α, s∗β]π + [s
∗α,N∗s∗β]π −N
∗[s∗α, s∗β]π
)
= s∗([α, β]NMπM )−
(
[s∗N∗Mα, s
∗β]π + [s
∗α, s∗N∗Mβ]π −N
∗s∗[α, β]πM
)
= s∗([α, β]NMπM )− s
∗
(
[N∗Mα, β]πM + [α,N
∗
Mβ]πM −N
∗
M [α, β]πM
)
= s∗
(
C(πM , NM )(α, β)
)
.
POISSON-NIJENHUIS GROUPOIDS 15
Since s is a surjective submersion, it follows that C(πM , NM )(α, β) = 0. Thus, (πM , NM ) defines a
Poisson-Nijenhuis structure on M . 
5.6. Remark. For a Poisson-Nijenhuis groupoid (G⇒M,π,N), the Poisson structure on M induced
from the Poisson groupoid (G⇒M,Nkπ) is given by NkMπM .
5.7. Proposition. Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid. If the orbit space M/ ∼
is a smooth manifold, then M/ ∼ carries a Poisson-Nijenhuis structure such that the projection
q : M →M/ ∼ is a P-N map.
Proof. Since (G⇒M,π) is a Poisson groupoid, the orbit space M/ ∼ carries a Poisson structure π
such that q : M → M/ ∼ is a Poisson map (Corollary (4.2.9), [23]). For the projection map q, we
have
R(q) = {(x, y) ∈M ×M | q(x) = q(y)}
= {(s(g), t(g))| g ∈ G}
= (s, t)(G).
Consider the map (s, t) : G → M × M . Note that, G is an invariant submanifold of G with
respect to the tensor N : TG → TG, and we have (s, t)∗ ◦ N = (NM ⊕ NM ) ◦ (s, t)∗. Therefore,
by Proposition 3.1, it follows that (s, t)(G) ⊂ M ×M is an invariant submanifold with respect to
the tensor NM ⊕ NM . Hence by Proposition 3.3, there exists a Nijenhuis tensor N on M/ ∼ such
that q commute with the Nijenhuis tensors, that is, q∗ ◦ NM = N ◦ q∗. Thus, it remains to show
the compatibility of π and N in the sense of Poisson-Nijenhuis structure. This follows from the
argument similar to the last part of Proposition 5.5(ii). 
6. P-N Lie bialgebroids
In this section, we introduce a special class of Lie bialgebroid, which we call P-N Lie bialgebroid
and study some of its basic properties.
6.1. Definition. Let A be a Lie algebroid over M . Suppose its dual bundle A∗ also carries a Lie
algebroid structure with πA being the induced linear Poisson structure on A. Then the pair (A,A
∗)
is said to have a P-N Lie bialgebroid structure if
(i) the pair (A,A∗) is a Lie bialgebroid over M ,
(ii) there exists an infinitesimal multiplicative Nijenhuis tensor NA : TA→ TA on A such that
N∗A : T
∗A→ T ∗A is a Lie algebroid morphism from the cotangent Lie algebroid T ∗A→ A∗
to itself,
(iii) (πA, NA) is a Poisson-Nijenhuis structure on A.
A P-N Lie bialgebroid over M as above may be denoted by (A,A∗, NA). Note that the Poisson
structure πA and the Nijenhuis tensor NA satisfy the following compatibility conditions in the sense
of Poisson-Nijenhuis structure, that is,
• NA ◦ π
♯
A = π
♯
A ◦N
∗
A (that is, NA ◦ π
♯
A defines a bivector field NAπA on A),
• C(πA, NA) ≡ 0,
where
C(πA, NA)(α, β) := [α, β]NAπA − ([N
∗
Aα, β]πA + [α,N
∗
Aβ]πA −N
∗
A[α, β]πA), for all α, β ∈ Ω
1(A).
6.2. Example. (i) Any Lie bialgebroid (A,A∗) can be considered as a P-N Lie bialgebroid with
NA = id.
(ii) (Poisson-Nijenhuis manifolds)
Let (M,π,N) be a Poisson-Nijenhuis manifold. Then (TM, (T ∗M)π) is a Lie bialgebroid, as π
being a Poisson structure. Let π˜ denote the dual linear Poisson structure on TM induced from the
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cotangent Lie algebroid (T ∗M)π. Then π˜ = π
c is the complete lift of π to TM [4]. Moreover, the
Nijenhuis tensor N : TM → TM induces an infinitesimal multiplicative Nijenhuis tensor N˜ = N∗ :
T (TM)→ T (TM) on the tangent Lie algebroid
T (TM)
N∗
//

T (TM)

TM
N
// TM.
The compatibility of π˜ and N˜ in the sense of Poisson-Nijenhuis structure follows from the compati-
bility of π and N [4]. Therefore, (TM, (T ∗M)π, N∗) is a P-N Lie bialgebroid over M .
(iii) (holomorphic Lie bialgebroids)
A holomorphic Lie algebroid is a holomorphic vector bundle A → M whose sheaf of holomorphic
sectionsA is a sheaf of complex Lie algebras and there exists a holomorphic bundle map ρ : A→ TM ,
called the anchor, such that
• ρ induces a homomorphism of sheaves of complex Lie algebras from A to ΘM , where ΘM is
the sheaf of holomorphic vector fields on M ;
• the Leibniz identity
[X, fY ] = f [X,Y ] + (ρ(X)f)Y
holds, for any open subset U ⊂M and X,Y ∈ A(U), f ∈ OM (U), where OM is the sheaf of
holomorphic functions on M [12,13].
A holomorphic Lie algebroid can equivalently described by a real Lie algebroid A→M which is also
a holomorphic vector bundle such that the map
TA
JA
//

TA

TM
JM
// TM
defines a Lie algebroid morphism from the tangent Lie algebroid TA → TM to itself, where JA
and JM denote the almost complex structures on A and M , respectively [12,13]. A holomorphic Lie
algebroid structure on A also gives rise to a fibrewise linear holomorphic Poisson structure on A∗
C
.
A holomorphic Lie bialgebroid is a pair of holomorphic Lie algebroids (A,A∗) in duality over a base
M such that for any open subset U ⊂M , the following compatibility condition
d∗[X,Y ] = [d∗X,Y ] + [X, d∗Y ]
holds, for all X,Y ∈ A(U). Here [ , ] denotes the sheaf of Gerstenhaber bracket on (A•,∧) induced
from the holomorphic Lie algebroid A and d∗ : A
k → Ak+1 is the complex of sheaves overM induced
from the holomorphic Lie algebroid A∗.
It is known that if (A,A∗) is a holomorphic Lie bialgebroid, then the underlying real Lie algebroids
(A,A∗) in duality forms a Lie bialgebroid [9]. Thus, it follows that if (A,A∗) is a holomorphic Lie
bialgebroid over M , then (A,A∗, JA) is a P-N Lie bialgebroid over M (cf. Example 2.4(iii)).
6.3. Proposition. Let (A,A∗, NA) be a P-N Lie bialgebroid over M . Then the base manifold M
carries a natural Poisson-Nijenhuis structure.
Proof. Since the pair (A,A∗) is a Lie bialgebroid over M , the base M carries a Poisson structure
πM given by π
♯
M = ρ∗ ◦ ρ
∗ [16]. Here ρ and ρ∗ being the anchor map of the Lie algebroid A and A
∗,
respectively. Moreover, from condition (ii) of Definition 6.1, there exists a Nijenhuis tensor NM on
M .
For any α ∈ T ∗M , we have
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NM ◦ π
♯
M (α) = NM ◦ ρ∗(ρ
∗α) = (NA ◦ π
♯
A ◦R)
∣∣
0
(ρ∗α) = (π♯A ◦N
∗
A ◦R)
∣∣
0
(ρ∗α).
T ∗A∗
R
//

T ∗A
π
♯
A
// TA

NA
// TA

T ∗M
ρ∗
// A∗
ρ∗
// TM
NM
// TM.
Since R : T ∗A∗ → T ∗A is the identity map when restricted to A∗ →֒ T ∗A∗ to A∗ →֒ T ∗A, we have
NM ◦ π
♯
M (α) = (π
♯
A ◦N
∗
A)
∣∣
0
(ρ∗α) = (π♯A)
∣∣
0
◦ ρ∗(N∗Mα)
= ρ∗ ◦ ρ
∗(N∗Mα) = π
♯
M ◦N
∗
M (α).
The Magri-Morosi concominant of πM and NM vanishes and it follows from the observation that
any 1-form α ∈ Ω1(M) can be considered as a 1-form α˜ ∈ Ω1(A) by
α˜(X) = (α(u), X, 0), for X ∈ Au, u ∈M.
Since (πA, NA) defines a Poisson-Nijenhuis structure on A, we have C(πA, NA)(α˜, β˜) = 0, for
all α, β ∈ Ω1(M). As the restriction of πA and NA are respectively πM and NM , we have
C(πM , NM )(α, β) = 0. 
6.4. Remark. Let (M,π,N) be a Poisson-Nijenhuis manifold and consider the P-N Lie bialgebroid
(TM, (T ∗M)π, N∗) over M (cf. Example 6.2(ii)). The induced Poisson structure on M is given by
π and the induced Nijenhuis tensor is N . Therefore, the induced Poisson-Nijenhuis structure on M
coincides with the given one.
6.5. Proposition. Let (A,A∗, NA) be a P-N Lie bialgebroid over M . Then there is a hierarchy of
compatible Lie bialgebroid structures on A.
Proof. Let πA being the linear Poisson structure on A induced from the Lie algebroid A
∗. Since
(A, πA, NA) forms a Poisson-Nijenhuis manifold, there exists a hierarchy of compatible Poisson
structures NkAπA on A, for k ≥ 0. That is,
[NkAπA, N
k
AπA] = 0 and [N
k
AπA, N
l
AπA] = 0,
for k, l ≥ 0. Note that the Lie algebroid morphism
T ∗A⊕A T
∗A

(id,N∗A)
// T ∗A⊕A T
∗A
πA
//

R

A∗ ⊕M A
∗ // A∗ ⊕M A
∗ // ∗
is given by NAπA. Thus, it follows that NAπA defines a linear bivector field on A. Similarly, for
each k ≥ 0, the Poisson bivectors NkAπA on A are linear. Therefore, by Theorem 4.2, they define
compatible Lie algebroid structures on A∗. Thus, by the Remark 4.6(i), there is a hierarchy of
compatible Lie bialgebroid structures on A. 
7. Infinitesimal form of Poisson-Nijenhuis groupoids
In this section, we show that the infinitesimal version of Poisson-Nijenhuis grouopids are P-N Lie
bialgebroids.
Let A→ M be a vector bundle. A k-vector field Π ∈ Γ(∧kTA) is called linear if Π takes k fibrewise linear functions
on A to a fibrewise linear function on A. Equivalently, if the map Π : ⊕k
A
T ∗A→ R, Π(γ1, . . . , γk) = Π(γ1, . . . , γk) is
a vector bundle morphism from ⊕k
A
T ∗A→ ⊕k
M
A∗ to R [2].
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7.1. Proposition. Let (G⇒M,π,N) be a Poisson-Nijenhuis groupoid with Lie algebroid A. Then
(A,A∗, NA) is a P-N Lie bialgebroid over M .
Proof. Since (G⇒M,π) is a Poisson groupoid with Lie algebroid A, the dual bundle A∗ also carries
a Lie algebroid structure and the pair (A,A∗) forms a Lie bialgebroid [16]. Let πA be the linear
Poisson structure on A induced from the Lie algebroid structure on A∗. Then we have
π♯A = j
−1
G ◦ Lie(π
♯) ◦ j
′−1
G : T
∗A→ TA.
Moreover, N : TG→ TG is a multiplicative Nijenhuis tensor on G implies that NA := (σ
−1 ◦ TN ◦
σ)|A : TA→ TA is an infinitesimal multiplicative Nijenhuis tensor on A. Therefore,
N∗A = (σ
−1 ◦ TN ◦ σ)∗
= σ∗ ◦ Lie(N)∗ ◦ (σ−1)∗
= j
′
G ◦ i
−1
G ◦ iG ◦ Lie(N
∗) ◦ i−1G ◦ iG ◦ j
′
−1
G (since j
′
G = σ
∗ ◦ iG)
= j
′
G ◦ Lie(N
∗) ◦ j
′−1
G ,
where we have used the fact that Lie(N)∗ = iG ◦ Lie(N
∗) ◦ i−1G .
Next, consider the Poisson groupoid (G ⇒ M,Nπ). Then the bundle A∗ carries a different Lie
algebroid structure induced from the Poisson groupoid (G⇒M,Nπ). Let πA be the linear Poisson
structure on A induced from this new Lie algebroid structure on A∗. We have
π♯A = j
−1
G ◦ Lie(N ◦ π
♯) ◦ j
′−1
G
= j−1G ◦ Lie(N) ◦ jG ◦ j
−1
G ◦ Lie(π
♯) ◦ j
′−1
G = NA ◦ π
♯
A.
On the other hand, since N ◦ π♯ = π♯ ◦N∗, we also have
π♯A = j
−1
G ◦ Lie(π
♯ ◦N∗) ◦ j
′−1
G
= j−1G ◦ Lie(π
♯) ◦ j
′−1
G ◦ j
′
G ◦ Lie(N
∗) ◦ j
′−1
G = π
♯
A ◦N
∗
A.
Therefore, NA ◦ π
♯
A = π
♯
A ◦N
∗
A and hence, NA ◦ π
♯
A defines a bivector field NAπA on A.
To prove that the Magri-Morosi concominant of πA and NA vanishes, we need the following
observation. Given a Poisson-Nijenhuis groupoid (G ⇒ M,π,N), the unit space M →֒ G is a
coisotropic-invariant submanifold of G in the sense that π♯(TM)0 ⊂ TM and N(TM) ⊂ TM .
Thus, it follows from an easy observation that C(π,N) : Γ(T ∗G) × Γ(T ∗G) → Γ(T ∗G) restricts to
a map from Γ(TM)0 × Γ(TM)0 into Γ(TM)0.
Consider the Lie groupoid T ∗G⊕GT
∗G⇒ A∗⊕MA
∗, which is a subgroupoid of the direct product
Lie groupoid T ∗G×T ∗G⇒ A∗×A∗. The Lie algebroid of the groupoid T ∗G⊕GT
∗G⇒ A∗⊕MA
∗ is
isomorphic to the Lie algebroid T ∗A⊕AT
∗A→ A∗⊕MA
∗. Note that the Magri-Morosi concominant
C(π,N) is a Lie groupoid morphism from T ∗G⊕G T
∗G⇒ A∗⊕M A
∗ to T ∗G⇒ A∗, and the Magri-
Morosi concominant C(πA, NA) is then given by
C(πA, NA) = j
′
G ◦ Lie(C(π,N)) ◦ (j
′
G ⊕ j
′
G)
−1 : T ∗A⊕A T
∗A→ T ∗A.
Since C(π,N) ≡ 0, it follows that C(πA, NA) ≡ 0. 
7.2. Example. (i) If the Nijenhuis tensor N = id, then it follows that NA = id. Therefore, the
infinitesimal form of Poisson groupoids are Lie bialgebroids.
(ii) Let (G ⇒ M,ω,N) be a symplectic-Nijenhuis groupoid. Since (G ⇒ M,ω) is a symplectic
groupoid, the base M carries a Poisson structure πM such that the Lie algebroid A of the Lie
groupoid is isomorphic to the cotangent Lie algebroid (T ∗M)πM [17]. The dual Lie algebroid A
∗
is the usual tangent bundle Lie algebroid TM . Therefore, the dual linear Poisson structure on
A = T ∗M is given by the canonical symplectic structure πT∗M = (ωcan)
−1. Moreover, since N
is a multiplicative Nijenhuis tensor on G with base NM , it induces an infinitesimal multiplicative
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Nijenhuis tensor NT∗M on A = (T
∗M)πM .
T ∗(T ∗M)
πT∗M
//

T (T ∗M)
NT∗M
//

T (T ∗M)

TM // TM // TM
Then the Lie algebroid structure on A∗ = TM induced from the linear Poisson structure NT∗MπT∗M
on A = T ∗M is given by (TM)NM . That is, the anchor for this Lie algebroid is NM and the
differential dNM : Γ(∧
•T ∗M)→ Γ(∧•+1T ∗M) is
dNM = iNM ◦ d− d ◦ iNM ,
where iNM denotes the derivation of degree zero defined by
(iNMα)(X1, . . . , Xk) =
k∑
i=1
α(X1, . . . , NMXi, . . . , Xk),
for α ∈ Γ(∧kT ∗M), X1, . . . , Xk ∈ Γ(TM) [11]. This Lie algebroid structure (TM)NM on A
∗ is also
given by the Poisson grouopid (G ⇒ M,Nω−1). Therefore, ((T ∗M)πM , dNM ) is a Lie bialgebroid.
By Proposition 2.9, this Lie bialgebroid is induced by the Poisson-Nijenhuis structure (πM , NM ).
(iii) Let (M,π,N) be a Poisson-Nijenhuis manifold and consider the Poisson-Nijenhuis groupoid
(M ×M ⇒M,π⊖π,N ⊕N) given by Example 5.2(iii). The Lie algebroid A of the pair groupoid is
the usual tangent Lie algebroid TM of M . The dual Lie algebroid A∗ is the cotangent Lie algebroid
(T ∗M)π. Moreover, the multiplicative Nijenhuis tensor N⊕N on the pair groupoid induces N˜ = N∗
as the infinitesimal multiplicative Nijenhuis tensor on the Lie algebroid A = TM . Therefore, the
P-N Lie bialgebroid associated to the Poisson-Nijenhuis groupoid (M ×M ⇒ M,π ⊖ π,N ⊕ N) is
given by (TM, (T ∗M)π, N∗) considered in Example 6.2(ii).
7.3. Remark. Thus, for a given Poisson-Nijenhuis groupoid (G ⇒ M,π,N) with Lie algebroid A,
there is a hierarchy of compatible Lie bialgebroid structures on A. The hierarchy of Lie bialgebroid
structures on A induced from the Poisson-Nijenhuis groupoid (G⇒M,π,N) and from the P-N Lie
bialgebroid (A,A∗, NA) are same (cf. Remark 5.4, Proposition 6.5).
7.4. Theorem. Let G⇒M be a s-connected and s-simply connected Lie groupoid with Lie algebroid
A. Then there is a one-to-one correspondence between multiplicative Poisson-Nijenhuis structures
on G and P-N Lie bialgebroid structures on A.
Proof. Let (A,A∗, NA) be a P-N Lie bialgebroid structure on A. Since (A,A
∗) is a Lie bialgebroid,
there is a Poisson structure π on G which makes (G ⇒ M,π) into a Poisson groupoid with Lie
bialgebroid (A,A∗). Moreover, NA : TA→ TA is an infinitesimal multiplicative Nijenhuis tensor on
A. Therefore, by Theorem 2.14, there is a multiplicative Nijenhuis tensor N : TG→ TG such that
NA = (σ
−1 ◦ TN ◦ σ)
∣∣
A
.
It remains to show that π and N are compatible in the sense of Poisson-Nijenhuis structure. We
have
NA ◦ π
♯
A = j
−1
G ◦ Lie(N) ◦ jG ◦ j
−1
G ◦ Lie(π
♯) ◦ j
′−1
G = j
−1
G ◦ Lie(N ◦ π
♯) ◦ j
′−1
G
and
π♯A ◦N
∗
A = j
−1
G ◦ Lie(π
♯) ◦ j
′−1
G ◦ j
′
G ◦ Lie(N
∗) ◦ j
′−1
G = j
−1
G ◦ Lie(π
♯ ◦N∗) ◦ j
′−1
G .
Since NA◦π
♯
A = π
♯
A◦N
∗
A and jG, j
′
G are isomorphisms, we have Lie(N ◦π
♯) = Lie(π♯◦N∗). As the Lie
groupoid T ∗G⇒ A∗ is s-connected, s-simply connected and both N ◦ π♯, π♯ ◦N∗ : T ∗G→ TG are
Lie groupoid morphisms from T ∗G⇒ A∗ to TG⇒ TM , it follows that N ◦π♯ = π♯ ◦N∗. Therefore,
Nπ defines a bivector field on G. Finally, the same argument as in Proposition 7.1 shows that
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0 = C(πA, NA) = j
′
G ◦Lie(C(π,N)) ◦ (j
′
G ⊕ j
′
G)
−1. Since T ∗G⊕G T
∗G⇒ A∗ ⊕M A
∗ is s-connected
and s-simply connected Lie groupoid, we have C(π,N) = 0. 
8. Coisotropic-invariant subgroupoids
In this section, we introduce a class of subgroupoids of a Poisson-Nijenhuis groupoid generalizing
coisotropic subgroupoids of a Poisson grouopid [24].
8.1. Definition. Let (M,π,N) be a Poisson-Nijenhuis manifold. A submanifold S →֒ M is called
coisotropic-invariant if S is coisotropic with respect to π and invariant with respect to N , that is,
π♯(TS)0 ⊂ TS and N(TS) ⊂ TS.
Thus, it follows that if S →֒M is a coisotropic-invariant submanifold of (M,π,N), then for each
k ≥ 0, the submanifold S is coisotropic with respect to the Poisson tensor πk = N
kπ on M .
8.2. Example. Let (G⇒M,π,N) be a Poisson-Nijenhuis groupoid. Then the unit space M →֒ G
is a coisotropic-invariant submanifold of (G, π,N).
In the following proposition, we characterize Poisson-Nijenhuis maps (P-N maps) in terms of
coisotropic-invariant submanifolds of the product manifold. The result follows from the result of
Weinstein [23] which characterize Poisson maps in terms of coisotropic submanifolds of the product
manifold and our Proposition 3.4.
8.3. Proposition. Let (M1, π1, N1) and (M2, π2, N2) be two Poisson-Nijenhuis manifolds and φ :
M1 →M2 be a smooth map. Then φ is a P-N map if and only if
Gr(φ) = {(x, φ(x))| x ∈M1}
is a coisotropic-invariant submanifold of the Poisson-Nijenhuis manifold (M1×M2, π1⊖π2, N1⊕N2).
8.4. Definition. Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid. A subgroupoid H ⇒ S is
called a coisotropic-invariant subgroupoid if H is a coisotropic-invariant submanifold of (G, π,N).
8.5. Example. (i) Let (G⇒M,π) be a Poisson groupoid considered as a Poisson-Nijenhuis groupoid
with N = id. Then coisotropic subgroupoids of the Poisson groupoid (G ⇒ M,π) are same as
coisotropic-invariant subgroupoids of the Poisson-Nijenhuis groupoid (G⇒M,π,N = id).
(ii) Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid. Then from Proposition 5.5, the base
M carries a Poisson-Nijenhuis structure (πM , NM ) such that the source s is a P-N map and the
target t is an anti P-N map. Let S be a coisotropic-invariant submanifold of (M,πM , NM ). Then
the restriction G|S := s
−1(S)∩t−1(S)⇒ S is a coisotropic-invariant subgroupoid of (G⇒M,π,N).
To study the infinitesimal object corresponding to coisotropic-invariant subgroupoids of a Poisson-
Nijenhuis grouopid, we introduce coisotropic-invariant subalgebroids of a P-N Lie bialgebroid.
8.6. Definition. Let (A,A∗, NA) be a P-N Lie bialgebroid overM . Then a Lie subalgebroid B → S
of A → M is called a coisotropic-invariant subalgebroid of (A,A∗, NA) if B →֒ A is a coisotropic-
invariant submanifold with respect to the Poisson-Nijenhuis structure (πA, NA).
Thus, it follows from Definition 8.6 that a Lie subalgebroid B → S is a coisotropic-invariant
subalgebroid of (A,A∗, NA) if and only if B → S is a coisotropic subalgebroid of the Lie bialgebroid
(A,A∗) and the inclusion B →֒ A is moreover an invariant submanifold with respect to the tensor
NA.
8.7.Example. Let S be a coisotropic-invariant submanifold of a Poisson-Nijenhuis manifold (M,π,N).
Since S is a coisotropic submanifold of (M,π), it follows that TS → S is a coisotropic subalgebroid
of the Lie bialgebroid (TM, (T ∗M)π) [24]. Moreover, S →֒ M is an invariant submanifold with
respect to N implies that TS →֒ TM is an invariant submanifold with respect to N∗. This shows
that TS → S is a coisotropic-invariant subalgebroid of the P-N Lie bialgebroid (TM, (T ∗M)π, N∗).
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It is known that the base of a P-N Lie bialgebroid carries a Poisson-Nijenhuis structure (cf.
Proposition 6.3). The next proposition shows that the base of a coisotropic-invariant subalgebroid
is coisotropic-invariant with respect to the induced Poisson-Nijenhuis structure.
8.8. Proposition. Let (A,A∗, NA) be a P-N Lie bialgebroid over M . If B → S is a coisotropic-
invariant subalgebroid of (A,A∗, NA), then S is a coisotropic-invariant submanifold of M .
Proof. Since B → S is a coisotropic subalgebroid of the Lie bialgebroid (A,A∗), it follows that S is a
coisotropic submanifold of (M,πM ) [24]. Moreover, B → S is a Lie subalgebroid of A→M implies
that TB → TS is a Lie subalgebroid of TA→ TM . Since B →֒ A is an invariant submanifold with
respect to NA, it follows that S →֒ M is an invariant submanifold with respect to the tensor NM .
Thus, S is a coisotropic-invariant submanifold of (M,πM , NM ). 
8.9. Proposition. Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid with P-N Lie bialgebroid
(A,A∗, NA). Suppose that H ⇒ S is a coisotropic-invariant subgroupoid of G ⇒ M with Lie
algebroid B → S, then B → S is a coisotropic-invariant subalgebroid (A,A∗, NA).
Proof. Since H ⇒ S is a coisotropic subgroupoid of the Poisson groupoid (G ⇒ M,π), its Lie
algebroid B → S is a Lie subalgebroid of the Lie bialgebroid (A,A∗) [24]. Moreover, we have
Bq = Aq ∩ TqH, for q ∈ S.
Therefore, it follows that TB = TA ∩ T (TH), which implies
NA(TB) ⊆ NA(TA) ∩ Lie(N)(T (TH)) ⊆ TA ∩ T (TH) = TB.
Thus, B →֒ A is an invariant submanifold with respect to the tensor NA. 
8.10.Corollary. Let (G⇒M,π,N) be a Poisson-Nijenhuis groupoid with induced Poisson-Nijenhuis
structure (πM , NM ) on M . If H ⇒ S is a coisotropic-invariant subgroupoid, then S →֒ M is a
coisotropic-invariant submanifold with respect to (πM , NM ).
9. Poisson-Nijenhuis actions
In this section, we define Poisson-Nijenhuis action (or P-N action in short) as a generalization of
Poisson action introduced by Liu, Weinstein and Xu [14].
9.1. Definition. Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid. A P-N action of G on a
Poisson-Nijenhuis manifold (X, πX , NX) is a Lie groupoid action of G on X with moment map
J : X →M such that
(i) the action is Poisson [14], that is, the graph
Ω = {(g, x, gx)| t(g) = J(x)} ⊂ G×X ×X
of the action is a coisotropic submanifold,
(ii) the graph Ω is an invariant submanifold of G×X×X with respect to the tensorN⊕NX⊕NX .
Thus, a P-N action of a Poisson-Nijenhuis groupoid (G ⇒ M,π,N) on a Poisson-Nijenhuis
manifold (X, πX , NX) is a groupoid action with moment map J : X →M such that the graph of the
action Ω is a coisotropic-invariant submanifold of the Poisson-Nijenhuis manifold (G ×G ×G, π ⊕
πX ⊖ πX , N ⊕NX ⊕NX).
If π and πX are non-degenerate Poisson structures (that is, symplectic structures) on G and X ,
respectively, then the P-N action is called symplectic-Nijenhuis action.
9.2. Example. Let G ⇒ M be a Lie groupoid. Then there is a Lie groupoid action of G on itself
with the source s : G→M as the moment map and the groupoid multiplication as action map. In
particaular, if (G ⇒ M,π,N) is a Poisson-Nijenhuis groupoid, the action of G on itself is a P-N
action.
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Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid with a P-N action on Poisson-Nijenhuis
manifold (X, πX , NX) with moment map J : X →M . Then for each k ≥ 0 and for any (αg, βx, γgx) ∈
(T(g,x,gx)Ω)
0, we have
(Nkπ ⊕NkXπX ⊕N
k
XπX)(αg, βx, γgx) = (N ⊕NX ⊕NX)
k
(
π♯(αg), π
♯
X(βx),−π
♯
X(γgx)
)
is in T(g,x,gx)Ω. Thus, for each k ≥ 0, the action is a Poisson action of the Poisson groupoid
(G⇒M,Nkπ) on the Poisson manifold (X,NkXπX).
9.3. Proposition. Let (G ⇒ M,π,N) be a Poisson-Nijenhuis groupoid. If G has a P-N action on
a Poisson-Nijenhuis manifold (X, πX , NX) wih moment map J : X →M , then J is a P-N map.
Proof. Since the action is Poisson, it follows that the moment map J : X → M is a Poisson map
[14]. Thus, it remains to show that J is a Nijenhuis map.
Take x ∈ X and δx ∈ TxX . Consider the vector (ǫ∗J∗δx, δx, δx) tangent to Ω at the point
(ǫ(J(x)), x, x) ∈ Ω. Since Ω is an invariant submanifold of G ×X ×X with respect to the tensor
N ⊕NX ⊕NX , we have
N(ǫ∗(J∗δx)) = ǫ∗(J∗NX(δx)).
It follows that, J∗NX(δx) = NM (J∗δx), proving that J is a Nijenhuis map. 
9.4. Remark. In [6], the authors characterize Poisson actions of Poisson groupoid G on Poisson
manifold X by Lie bialgebroid morphisms from T ∗X to A∗, where A is the Lie algebroid of the
groupoid G. Thus, it is interesting to study P-N Lie bialgebroid morphism and characterize P-N
actions in terms of P-N Lie bialgebroid morphisms.
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